We analyze inelastic 2 → 2 scattering amplitudes for gauge bosons and Nambu-Goldstone bosons in deconstructed Higgsless models. Using the (KK) Equivalence Theorem in 4D (5D), we derive a set of general sum rules among the boson masses and multi-boson couplings that are valid for arbitrary deconstructed models. Taking the continuum limit, our results naturally include the 5D Higgsless model sum rules for arbitrary 5D geometry and boundary conditions; they also reduce to the elastic sum rules when applied to the special case of elastic scattering. For the case of linear deconstructed Higgsless models, we demonstrate that the sum rules can also be derived from a set of general deconstruction identities and completeness relations. We apply these sum rules to the deconstructed 3-site Higgsless model and its extensions; we show that in 5D ignoring all higher KK modes (n > 1) is inconsistent once the inelastic channels become important. Finally, we discuss how our results generalize beyond the case of linear Higgsless models.
I. INTRODUCTION
Higgsless models [1] break the electroweak symmetry without invoking a fundamental scalar Higgs boson [2] . These models were originally motivated by ideas of gauge/gravity duality [3, 4, 5, 6] , and are in a sense "dual" to more conventional models of dynamical symmetry breaking [7, 8] such as "walking techicolor" [9, 10, 11, 12, 13, 14] . In the absence of a Higgs boson in the model, some other state must take on the role of unitarizing the scattering of longitudinally polarized electroweak gauge bosons; the extra vector bosons present in Higgsless models play this role [15, 16, 17, 18] . Higgsless models provide effectively unitary descriptions of the electroweak sector beyond the TeV energy scale. On their own, Higgsless models are not renormalizable because they are based on the physics of TeV-scale [19] compactified SU (2) 2 × U (1) five-dimensional gauge theories (with appropriate boundary conditions) [20, 21, 22, 23] . Instead, Higgsless models are properly viewed as effective field theories valid below a cutoff energy scale inversely proportional to the five-dimensional gauge-coupling squared. Above this energy scale, a new "high-energy" completion, which is valid to higher energies, must enter to describe the physics appropriately.
Since a compactified five-dimensional theory gives rise to an infinite tower of massive four-dimensional "KaluzaKlein" (KK) modes of the gauge field, one might anticipate that a low-energy approximation would involve only a finite number of low-mass states. Deconstruction [24, 25] is a technique that realizes this expectation. As illustrated in Fig.I , deconstruction may be interpreted as replacing the continuous fifth-dimension with a lattice of individual gauge groups (the factors of the semi-simple deconstructed four-dimensional gauge group) at separate sites in "theory space". The "link" variables connecting the gauge groups at adjacent sites represent symmetry breaking fields which break the groups at adjacent sites down to the diagonal subgroup, as conventional in "moose notation" [26] . In the continuum limit (in which the number of sites on the deconstructed lattice is taken to infinity), the kinetic energy terms for the link variables give rise to the terms in the five-dimensional kinetic energy involving derivatives with respect to the compactified coordinate. Deconstructed Higgsless models [27, 28, 29, 30, 31, 32, 33] have been used as tools to compute the general properties of Higgsless theories, and to illustrate the phenomenological properties of this class of models [75] .
Recently, we studied elastic pion-pion scattering in global linear moose models [42] and showed that the KadanoffWilson block spin transformation [43, 44] and the Equivalence Theorem (ET) [76] [45, 46, 47, 48, 49, 50, 51, 52] render our analysis applicable to W L W L elastic scattering in Higgsless models with arbitrary background 5D geometry, spatially dependent gauge-couplings, and brane kinetic energy terms for the gauge-bosons. The form of the highenergy elastic scattering amplitudes in Higgsless models is particularly interesting because it can potentially yield an upper bound on the scale at which the effective field theory becomes strongly coupled. We concluded that elastic unitarity provides a useful guide to the range of a model's validity only for models in which the lightest KK mode has a mass greater than about 700 GeV; otherwise, inelastic channels such as ππ → W 1 W 1 become available and important.
Our aim in this paper is to derive general identities and sum rules that apply to the masses and couplings of the gauge and Nambu-Goldstone KK modes in W W scattering in an arbitrary deconstructed Higgsless model, including inelastic scattering channels. We derive these sum rules by application of the KK equivalence theorem, and therefore we see that these sum rules are a result of the gauge-invariance of the theory. Taking the continuum limit, our results naturally include all 5D Higgsless model sum rules for arbitrary 5D geometry and boundary conditions, and they also reduce to the elastic sum rules [1] when applied to the special case of elastic scattering. For the case of deconstructed Higgsless models corresponding to linear mooses [26] , we will demonstrate that the sum rules can also be derived from a set of general deconstruction identities and completeness relations. We apply these sum rules to the deconstructed 3-site Higgsless model and its extensions; we show that in 5D ignoring all higher KK modes (n > 1) is inconsistent once the inelastic channels become important. Finally, we discuss how our results generalize beyond the case of linear Higgsless models.
In section II, we review the features of Higgsless models that are essential for our analysis: the Lagrangian, principles of deconstruction, the shift from gauge to mass eigenbasis for both the vector bosons and the "eaten" Nambu-Goldstone bosons present in the R ξ gauge, and the definitions of the couplings among various states in the spectrum. Beginning in section II, we simplify our analysis by considering the case of an SU (2) N +1 deconstructed model, in which the gauge symmetries are completely broken -corresponding in the continuum limit to a Higgsless model of SU (2) W breaking without hypercharge (and therefore without a massless photon). The generalization to the phenomenologically realistic case of SU (2) N +1 × U (1) M [33] is straightforward, and is discussed in section VII. In sections III and IV we use two-body scattering of W bosons and of Nambu-Goldstone bosons to derive general sum rule relationships among the masses and couplings of the KK mass eigenstates. First, we present our results for the leading contributions (in power of energy) to these processes. Then we apply the KK Equivalence Theorem to those scattering processes, which yields the sum rules listed in Table I ; an Appendix shows how the sum rules are realized in the specific case of the three-site Higgsless model [57] . Our analysis considers inelastic scattering, which allows us to derive a wider class of sum rules; we also show how the sum rules simplify in the elastic limit and compare with the specific 5D elastic results in the literature [1] . Similarly, we derive the sum rules in 4D deconstructed models but also show how the sum rules appear in the continuum limit (and again compare with the special case in [1] ). The identities derived in Section IV apply to the multi-boson couplings and masses for any consistent gauge theory in 4D or 5D; while we take a linear deconstructed model as our benchmark, the form of the relations transcends this.
We analyze the implications of gauge invariance in section V, by considering the 2-body W W -amplitude and
FIG. 1: A deconstructed model, in moose notation [26] , corresponding to an arbitrary five-dimensional gauge theory. The coupling constants (gi) and f -constants (fj ) are arbitrary, corresponding, as discussed in the text, to the position-dependent coupling and warp factors chosen.
The linear moose for which we study W W scattering in this paper. Site N + 1 is a global SU (2) group (gN+1 = 0) and sites 0 to N are SU (2) gauge groups. This corresponds to the deconstructed form of either flat space or AdS 5-dimensional models of electroweak symmetry breaking depending on the couplings and f -constants chosen.
Nambu-Goldstone π π-amplitude in R ξ gauge. We derive a new condition on the masses and couplings, and show that the sum rules obtained from the ET in section IV hold in R ξ gauge. Section VI presents an alternative way of deriving relations among the couplings and boson masses in Higgsless models. We start by deriving completeness relations based explicitly on the orthogonality of the KK gauge-boson (and KK Nambu-Goldstone-boson) mass-eigenstate wavefunctions in the deconstructed bulk. Then, we derive a set of Ward-Takahashi identities relating each coupling involving Nambu-Goldstone modes to couplings of gauge modes only; these are listed in Table II . Some of these results are specific to linear moose models and their 5D continuum limits because their derivation draws directly upon the specific form of the mixed gauge/Nambu-Goldstone couplings. Within this class of models, however, the deconstruction identities derived in Section VI form a generalization of the ET sum rules obtained in sections IV and V because they are not restricted to nn → mm scattering processes and allow all of the coupling indices to vary independently. We demonstrate the relationships between the deconstruction identities and the ET sum rules of Section IV; these relationships are summarized in Table I .
Section VII summarizes the relation between the two derivations and the range of applicability of each set of results. We also demonstrate how our sum rules generalize some specific elastic results in [1] . In addition, we use the sum rules to show that in 5D ignoring all higher KK modes (n > 1) is inconsistent once inelastic scattering channels become important, in contrast to the scenario adopted by Ref. [56] . Finally, we indicate how the results in the present paper will be used in a forthcoming work to make a more accurate assessment of the scale at which two-body scattering (including inelastic coupled channels) violates unitarity.
II. HIGGSLESS MODELS IN GENERAL
In this section we review the essential elements of deconstructed linear Higgsless models and their 5D counterparts. Because our analysis will focus on high energy W W -scattering, we can replace the U (1) gauge group at site N + 1 by a global SU (2) group, as shown in the semi-open moose of Fig.II ; the 5-d continuum limit of this moose contains theories of the type SU (2) p 5D (p = 1, 2, · · · ). Our analysis will leave arbitrary the values of the gauge couplings and f -constants. In the continuum limit, therefore, our results apply to models with arbitrary 5D background geometry, spatially dependent gauge-couplings, and brane kinetic energy terms for the gauge-bosons.
The Lagrangian of the deconstruction in Fig.II is,
where the gauge fields on each site are represented by
, the links are non-linear sigma model fields U j = exp 2iπ j /f j , with Nambu-Goldstone bosons
We further define the diagonal matrices of f-constants and
and also the matrix D W whose entries (D W ) ij are 1 (if i = j), −1 (if i = j − 1), and zero otherwise. These combine to form
The gauge boson mass-matrix M 
Note that M 2 W and M 2 W are real symmetric matrices, and that Q can be diagonalized by the bi-orthogonal rotation, which leads to
and 
with
where {W aµ } are mass-eigenbasis fields and { Π a } are "eaten" Nambu-Goldstone fields, which are connected to the site gauge bosons {A aµ } and link Nambu-Goldstone bosons {Π a } via
Hence, the "eaten" Nambu-Goldstone modes are exactly aligned with the "gauge boson" mass-eigenstates of the dual moose. The gauge-Nambu-Goldstone mixing (7) can be removed by the familiar R ξ gauge-fixing term,
So, relative to the mass M n of a mass-eigenstate gauge boon W aµ n , the mass of the related "eaten" Nambu-Goldstone boson π a n is given by M 2 e π a n = ξM 2 n . We may derive the gauge-sector quartic and cubic vertices and express them in the mass-eigenbasis by expanding the appropriate terms of (1)
using the notation are defined as [18] ,
Each of these multi-gauge-boson couplings is symmetric under exchange of any pair of indices and they are independent of the form of D W . We may likewise derive from (1), the pure Nambu-Goldstone boson interactions,
whereG
with factors of the weak scale v = √ 2G F −1/2 inserted to make the couplings dimensionless. Again, this coupling is Bose-symmetric under exchange of any pair of indices and its form does not depend on D W . Note thatG 4 vanishes in the 5D continuum limit (N → ∞) and that G nnmm 4 = 1 in the special case N + 1 = 1 , corresponding to the Higgsless standard model.
Finally, there are the interactions between Nambu-Goldstone modes and gauge bosons
The form of the interactions is general, but the specific definition of each coupling in terms of the R and R matrices depends on D W -that is, on the structure of the model. For the linear deconstructed model we are using as a benchmark the quartic πππV coupling, and ππV V coupling [77] are defined as
Similarly, the V V π and ππV couplings are defined in such models as
As we will discuss in Section VII, the results derived specifically for linear moose models in Section V can be generalized to apply to broader classes of models if one allows for a more general form of D W .
III. GENERAL LONGITUDINAL AND NAMBU-GOLDSTONE SCATTERING AMPLITUDES
In this section, we derive the leading contributions (in powers of scattering energy) to the amplitudes for the 2 → 2 scattering of gauge bosons and Nambu-Goldstone modes. We specifically focus on the inelastic scattering where two bosons of KK level n scatter into two modes of KK level m, where n = m. Amplitudes involving only gauge boons are calculated in unitary gauge, while those involving one or more Nambu-Goldstone bosons are calculated in 't-Hooft-Feynman gauge; issues related to gauge invariance are addressed in Section V. We will apply the Equivalence Theorem to these results in Section IV to derive sum rules constraining the bosons' 3-point and 4-point couplings.
m . (27) to simplify the expressions for the scattering amplitudes. Note that the "bar" signifies normalizing by the mass of the nth gauge boson KK mode (the incoming state in nn → mm scattering), while a "hat" signifies normalizing by the mass of the outgoing state of KK index m.
The nn → mm scattering amplitude among gauge bosons (longitudinal or transverse) contains contributions arising from four classes of Feynman diagrams: four-point contact, s-channel, t-channel, and u-channel:
The amplitude may be decomposed as follows
where the first (second, third) term receives contributions only from the contact and s (t,u)-channel diagrams:
Using the Jacobi identity ǫ abe ǫ cde + ǫ ace ǫ dbe + ǫ ade ǫ bce = 0 , we can rewrite (29) as
Furthermore, we will see that because T 1 ∝ c , while T 3 = T 2 [c → −c], the combination −T 1 + T 3 can be obtained from T 1 + T 2 via a simple exchange c → −c . Hence, to obtain the entire amplitude T W [nn, mm] we only need to compute T 1 + T 2 explicitly. The nn → mm scattering amplitudes involving Nambu-Goldstone bosons (and sometimes also transverse gauge bosons) may similarly be decomposed into contributions from four-point contact, s-channel, t-channel, and u-channel diagrams:
Once again, the Jacobi identity can be used to simplify the result
and we will see that −T 1 +T 3 can be obtained fromT 1 +T 2 by the exchange c → −c so that onlyT 1 +T 2 need be calculated explicitly. However, in this case it is worth noting that there is an alternative way to express the amplitude
where
The four-point contact interactions are more easily calculated in terms of the T while the s-,t-, and u-channel diagrams are more naturally written in terms of the T since only the s-channel diagram contributes to T 1 (and so on). Hence, it is convenient to perform the calculation ofT 1 +T 2 by writing
where T c3 denotes the contact contribution to the amplitude T 3 .
We will now calculate the scattering amplitudes for all the relevant processes involving gauge and Nambu-Goldstone bosons and extract the pieces from which sum rules may be derived via application of the Equivalence Theorem.
B. Amplitudes with no transverse gauge bosons
We begin by considering the longitudinal gauge boson scattering process
, where n = m corresponds to elastic scattering and n = m corresponds to inelastic scattering. We will display the results of this calculation in detail to show how the ideas of the last section play out in a specific case; the results for other processes will also be summarized. The scattering amplitude contains contributions from the 4-boson contact diagram and the diagrams in the (s, t, u) channels,
We compute the expressions for the full scattering amplitudes T j to be
We will apply the Equivalence Theorem to these expressions shortly, in order to derive sum rules. First, however, we need to compute the Nambu-Goldstone scattering amplitude to which the Equivalence Theorem will relate our present results.
2.
Purely Nambu-Goldstone Amplitude e π a n e π (14) we directly compute the Nambu-Goldstone boson contact contributions,
with s + t + u = 2M is given by the expression in Eq. (15) , which vanishes in the 5D continuum limit (N → ∞).
Starting from the Lagrangian, we can also calculate the contributions from W k exchange in the (s, t, u)-channels,
where we have adopted 't Hooft-Feynman gauge (ξ = 1); extension to arbitrary ξ will be discussed in section V.
Recalling that taking c → −c corresponds to exchanging t with u, we see that the two terms in
We can combine the preceeding to obtain the total Nambu-Goldstone boson amplitude as below
Note that, unlike the longitudinal gauge boson amplitude T W [nn, mm], the Nambu-Goldstone boson amplitude T π [nn, mm] contains no E 4 -term and all nonzero terms grow with O(E 2 ) at most. Furthermore, in the 5D continuum limit, terms growing like E 2 in the Nambu-Goldstone boson amplitude T π [nn, mm] vanish and the leading terms in the amplitude go as E 0 . Finally, we expand (49) for large-E and derive the asymptotic amplitudes at O(E 2 ) and O(E 0 ), respectively,
C. Amplitudes with one transverse gauge boson
Next, we consider the scattering process
, with one transversely polarized external field. The terms in these amplitudes that grow with energy are of order E 3 and E 1 . Expanding the amplitudes out to order E 1 , we obtain
With these we derive the combination
For the related Nambu-Goldstone boson process W 
which gives
For π (23), we find the respective contributions of the contact diagram, the s-channel diagram, and the t-channel diagram to be
where the "bar" signifies normalizing by the mass of the nth gauge boson KK mode, as in Eq. (26). Thus we deduce,
On the other hand, if we perform the calculation employing the transverse polarization vectors ǫ T 3 ′ and ǫ T 4 ′ instead, we obtain
We will see that the different results for the alternative polarization yield additional sum rules at O(E 0 ). Performing the related calculation for the inverse process W (63) and (64) but with E → E and M → M . That is, one still normalizes by the mass of the longitudinal external boson, but this is now an outgoing state of index m as Eq. (27) . Likewise, if we use the alternative polarization vectors ǫ T 1 ′ and ǫ T 2 ′ we obtain a result of the same form as (65) and (66) but with E → E and M → M .
Nambu-Goldstone Amplitude e π a n e π
When we compute the Nambu-Goldstone boson amplitude π a n π
mT , using the transverse polarization vectors ǫ T 3 and ǫ T 4 , we find that the relevant contact diagram contribution is of O(E 0 ):
The s-channel and t-channel contributions are also of O(E 0 ):
Note that the s-channel contribution includes both pure-gauge and gauge-Nambu-Goldstone couplings, while the tchannel result depends only on gauge-Nambu-Goldstone couplings and involves a sum over the KK-Nambu-Goldstone mode index k (rather than a KK-gauge boson index). From the above equations, we find
Repeating the calculation with the transverse polarization vectors ǫ T 3 ′ and ǫ T 4 ′ instead yields
Performing the related calculation for the inverse process W E. Amplitudes with three transverse gauge bosons
We first compute the amplitude for (23) . We find the respective contributions of the contact diagram, the s-channel diagram, and the t-channel diagram to be
Combining these and keeping all terms of order E 0 or involving positive powers of E, yields
where the O(E 0 ) contribution vanishes. We have also computed the amplitude for
Keeping terms of order E 0 or involving positive powers of E, we derive the final result,
Due to the absence of a π-W -W -W contact vertex, the leading term in the amplitude for πW nT → W mT W mT starts at O(1/E), i.e.,
We will find that this is of the same order as the
suppressed B-term in the Equivalence Theorem (see Section IV A).
IV. GENERAL SUM RULES FROM THE EQUIVALENCE THEOREM
In this section we use the Equivalence Theorem (ET) to derive general sum rules that relate the masses of the KK modes to the couplings among the gauge and Nambu-Goldstone bosons. These sum rules, which are collected in Table  I , are general in several senses.
First, they apply to inelastic nn → mm scattering, not just to the more restricted case of elastic nn → nn scattering. We show that some of the relations do have counterparts for elastic scattering, but others can be derived only by looking at inelastic processes.
Second, they arise directly in any consistent gauge theory in 4D or 5D, rather than being imposed from the outside like the 5D elastic sum rules in [1] . Moreover, while we have taken a linear deconstructed model as our benchmark, the form of the relations transcends this. The sum rules relate the various G's andG's, defined simply as the coefficients of the multi-boson contact interactions arising from the Lagrangian kinetic energy terms in Eqs. (11), (14) and (16) . As mentioned in Section II, in models other than a linear mooose, the detailed expansion of the pion-gauge-boson couplings in terms of the matrices R and R will differ from what is written in Eqs. (17) - (20) . But that will not change the form of the sum rules as written in Table I . This is because all of our sum rules are derived from the ET which relies only on the spontaneously broken gauge symmetry of the Lagrangian.
Third, they apply directly to 4D deconstructed models and, when the appropriate limit is taken, to 5D continuum models as well. The major difference between the continuum (N → ∞) limit and the deconstructed theories with finite N is that the four-pion coupling G 4 and the πππW coupling G 41 vanish in the continuum limit. As a result, the order E 2 terms in the scattering amplitudes cancel completely only in 5D theories [15] , while for deconstructed theories order E 2 -terms originating from the nonzero quartic Nambu-Goldstone boson coupling G nnmm 4 remain and are suppressed by a factor 1/(N +1) [16] . We quote the form of the sum rules in 4D deconstructed theories in Table  I ; those for the 5D theories correspond to the special case of setting G 4 = 0 and G 41 = 0.
A.
The Equivalence Theorem in 4D and 5D
The Equivalence Theorem (ET) in 4D connects the longitudinal gauge boson amplitude to the corresponding would-be Nambu-Goldstone boson amplitude in any gauge theory with spontaneous symmetry breaking [54] , 
where a is a gauge-group index, µ is a Lorentz index, n labels the KK level, i identifies each external state in the scattering process, and p i is the momentum of that state. For simplicity we have dropped a multiplicative factor C = 1 + O(loop) associated with wavefunction renormalization of the external Nambu-Goldstone fields on the RHS, which will not affect our present analysis. Power counting [54] shows that the longitudinal gauge boson amplitude contains terms of O(E 4 ), O(E 2 ) and O(E 0 ), while the Nambu-Goldstone boson amplitude only contains terms of O(E 2 ) (proportional to quartic coupling G 4 ) and O(E 0 ). Therefore the ET enforces an exact E 4 -cancellation in the longitudinal gauge boson amplitude, and further requires the E 2 -terms of the longitudinal amplitude to exactly equal the E 2 -terms in the Nambu-Goldstone amplitude (the first term on the RHS of the first equation in (79)). A general estimate of the B-term in (79) gives [55] ,
For the two-body scattering processes in deconstructed models, the leading contributions to the amplitude T (15, 17) and from this we deduce that, in any deconstructed theory,
where M is the mass of an external line.
In the 5D continuum limit the would-be Nambu-Goldstone fields { π a n } become the 5th component of the corresponding 5D gauge fields {W 5a n }. So we find that the Kaluza-Klein Equivalence Theorem (KK-ET) for a compactified 5D theory with arbitrary geometry takes the following form [15, 18] ,
Since there are no 3-and 4-W 5a n couplings in any continuum 5D Yang-Mills theory, the couplings G 4 and G 41 vanish in the continuum limit. In 5D, since the LHS of Eq. (83) is purely longitudinal, the B-term in (82) reduces to
where, again, M is the mass of an external line. Therefore, using the longitudinal amplitude on the LHS of (83) and the Nambu-Goldstone amplitude on its RHS, we can derive a new sum rule at O(E 0 ) valid for continuum 5D models which do not involve the B-term.
We stress that the sum rules we are about to derive from the ET (79) or (83) [15, 18] do not depend on any particular boundary conditions: they hold for general deconstructed theories and the corresponding 5D theories with arbitrary 5D geometry. For instance, it is straightforward to verify that they all hold for the 5D S 1 /Z 2 model studied in [15] .
B. Sum Rules from LL → LL Scattering
Equivalence Theorem at Order E 4
As discussed above, the ET (79) enforces an exact E 4 -cancellation in the longitudinal scattering amplitude for either deconstructed theories or continuum theories, i.e.,
Based on the form of the E 4 terms in the amplitude of Eq. (44), we obtain the following two sum rules at O(E 4 ),
For the special case of elastic scattering, Eqs. (86)-(87) reduce to a single sum rule,
which is of the same form as the one discussed in ref. [1] . Indeed, these sum rules directly follow from the fact that the mass-squared matrix for the gauge bosons of a spontaneously broken Yang-Mills theory is real and symmetric -and is thus diagonalized by an orthogonal matrix. We can explicitly verify them by inserting the general definitions (12)-(13) for the cubic and quartic gauge couplings into Eqs. (86)-(87) and applying the orthonormality condition RR T = R T R = I. We will return to this point in Section VI.
2.
Equivalence Theorem at Order E
2
As discussed in Section IV A, the ET (79) enforces an equality between the gauge and Nambu-Goldstone scattering amplitudes at order E 2 ,
Applying this to Eqs. (45) and (50), we can deduce two independent conditions,
We note that the new sum rule (91) does not depend on the quartic coupling G nnmm 4
, so it is unchanged in the continuum limit where G 87), we obtain
Taking the special case of elastic scattering (n = m), we immediately see that the general sum rule (90) reduces to
which is a generalization of the continuum limit G nnnn 4 = 0 sum rule derived in [1] . Our second sum rule (91) at order E 2 , on the other hand, becomes a tautology for m = n, implying that this new sum rule exists only for inelastic channels.
Equivalence Theorem at Order E 0
Using the sum rules derived above, we may further simplify the longitudinal gauge boson amplitude (46) at O(E 0 ), obtaining the form
For convenience we also rewrite the Nambu-Goldstone boson amplitude (51) as follows,
As discussed in Section IV A, these E 0 terms in the gauge and Nambu-Goldstone scattering amplitudes are related by the ET (79).
For models with vanishing quartic Nambu-Goldstone boson coupling G nnmm 4
= 0 (such as 5D continuum theories), we find that the B-term is O(E −2 ) as in (84), so the ET condition (100) reduces to,
Applying this to Eqs. (94) and (95) yields the sum rules
As we will see shortly, both continue to hold even for G = 0 . For the special case of elastic scattering (n = m), the sum rule (97) reduces to,
On the other hand, for n = m, the sum rule (98) is trivially satisfied, i.e. it exists only for the inelastic scattering.
In general 4D deconstructed theories with nonzero quartic Nambu-Goldstone boson coupling G nnmm 4 = 0, the B-term is actually of O( G 4 E 0 ) (cf. Eq. (82)). This means the new sum rules at O(E 0 ), as imposed by the ET (79),
will involve the couplings G 4 and G 41 , from Eq. (15) and (17) . Generally speaking, we can decompose the B-term according to its weak-isospin structure,
In this case, the term B E 0 consists of four diagrams involving the
where each v
Mn is computed to its leading order at O(M nj /E). We find
where ∆nm ≡ Mn e G mmnn 41
.
(104) So we arrive at (B1 + B2)
Finally we substitute (94), (95) and (105) into the ET identity (100), in order to find the sum rules that apply for 4D deconstructed models. The ET identity (100) requires the total coefficients of ) has the form,
Requiring this to vanish gives rise to a new constraint at O(E 0 ). Inserting the definition (104) puts this constraint in the form of a relationship between the two quartic couplings in the Nambu-Goldstone sector,
+ Mm e G nnmm 41 
Similarly, for the scattering W (58) with n ↔ m, we deduce, by explicit calculation,
By taking the difference between (108) and (109), we derive a condition,
The sum rules (86) and (87) tell us that the RHS is zero, yielding
On the other hand, if we take the sum of Eqs. (108) and (109), we derive another condition,
+ Mm e G mmnn 41
which simplifies as
Substituting (111) into (113) yields two expressions for e G41,
Similarly, if we substitute (111) into (107), we again obtain the relationships (114). Note that the 4-Nambu-Goldstone coupling
is symmetric under indices (n, m), i.e., e G .
D. Sum Rules from LL → T T Scattering
For the scattering process WnLWnL → WmT WmT (πnπn → WmT WmT ), the Equivalence Theorem (ET) takes the form,
For the current case, it is straightforward for us to explicitly count the E-power dependence of the B-term under the MW n /E expansion, and we find
where the absence of a 4-point π-W -W -W contact vertex is crucial. Hence, the B term will be negligible in this case.
Equivalence Theorem at O(E 2 )
Because the scattering amplitude involving Nambu-Goldstone bosons has no order E 2 term, the coefficient of E 2 in the W nL W nL → W mT W mT amplitude must vanish; this holds for Eqs. (63) and (70) in which polarization vectors ǫ 3T and ǫ 4T were used and also for Eqs. (65) and (71) where polarizations ǫ 3T ′ and ǫ 4T ′ were used instead. The results duplicate the previously derived sum rules (86)-(87).
Equivalence Theorem at O(E 0 )
We will apply the ET, in turn, to the amplitudes calculated using polarization vectors ǫ 3T and ǫ 4T and those using ǫ 3T ′ and ǫ 4T ′ . In the first case, the ET requires that the right-hand-sides of Eqs. (64) and (70) be equal. From the terms that are independent of scattering angle, we find the sum rule,
while from the terms proportional to c we obtain,
Note that the Nambu-Goldstone coupling G nkm 3 differs from G nmk 3 when k = m because here the first two indices denote the Nambu-Goldstone bosons and the third index always denotes the gauge boson by definition. This is contrast to the triple gauge coupling G nmk 3 which is fully symmetric under exchange of its three indices. In the second case, we obtain, instead, the sum rules,
which contain additional information. It turns out that these four new sum rules are not all independent of one another. The sum of (118) with (120) and the difference between (119) and (121) both yield the same equation:
The complementary combinations, however, result in two independent equations,
Thus, the LL → T T scattering yields a total of three new relations among the gauge and Nambu-Goldstone couplings. For the special case of elastic scattering, the three sum rules reduce to,
E. Sum Rules from LT → T T Scattering
Applying the Equivalence Theorem to the amplitudes in section III E simply constrains the O(E) terms from the gauge scattering process to vanish. This yields, once again, the sum rules (86)-(87).
All of the sum rules derived in this section are summarized in Table I .
The calculation of this process in R ξ gauge differs in two major respects from the unitary gauge calculation. First, the t(u)-channel W k -exchange contains the propagator
rather than the unitary gauge propagator
which is the ξ → ∞ limit of (128). Second, there are additional diagrams arising from (s, t, u)-channel exchange of the Goldstone mode π k with propagator
These diagrams involve the V V π vertices, whose coupling G nmk 31 (19) is antisymmetric under n ↔ m. Let us start by considering the s-channel diagrams. For s-channel W k -exchange, the p µ p ν term from the W kpropagator vanishes identically for the nn → mm scattering due to the on-shell conditions k = 0 . Hence, the only s-channel contribution to W W scattering is that from the g µν term arising from W k exchange -exactly as in unitary gauge. Note that the ξ-independence in the s-channel W W -amplitude is automatically realized here, for arbitrary polarizations of the external gauge bosons and without any additional condition on the couplings and masses. Next, we analyze t-channel W k -exchange in the R ξ -gauge,
Since the g µν terms of the W k propagator are ξ-independent, we will focus on the p µ p ν term. We can compute the
Likewise, the t-channel
so that the contributions from W k exchange in the two gauges differ by,
Hence, the complete t-channel amplitudes from W k exchange differ in the two gauges by the amount
Similarly for the u-channel W k -exchange we have
Goldstone π k -exchange contributes only in R ξ gauge; in the t-channel and u-channel, we thus obtain, respectively,
It is evident that gauge-invariance (ξ-independence) of the physical W W -scattering amplitude must enforce an exact cancellation of the unphysical ξ-dependent mass-poles (1/(t 2 −ξM (138) and (137)- (139), we thus deduce the exact ξ-independence conditions,
from which we derive a new condition for exact gauge-invariance,
We note that both G is symmetric with respect to indices (n, m, k). We stress that our derivation of the ξ-independence condition (142) is completely general: valid for the gauge-boson amplitude with arbitrary polarizations of the external gauge boson states and independent of any detail of the model (either 4d-deconstruction or 5d-compactification).
B
Having verified that the amplitude for W W scattering is gauge invariant, and therefore independent of ξ, we should now examine the ξ-dependent contributions to the process π a n π b n → π c m π d m in R ξ gauge. These could potentially affect the sum rules derived earlier using the ET, where the W W -amplitudes were computed in unitary gauge and the π π-amplitudes were derived in 't Hooft-Feynman gauge.
Let us consider the (ξ−1)-contributions of the W k -propagator to the s, t and u channels, in turn. The s-channel is the most straightforward to deal with. Due to the on-shell conditions k 
Similarly we can deduce the u-channel contribution from the (ξ−1)p µ p ν term of the W k -propagator,
The above proves that the ξ-dependent terms arising from the W k -propagator actually vanish up to O(1/E 3 ). Hence, these ξ-dependent terms will not affect the sum rules derived in Sec. IV B via the ET at O(E ℓ ) (ℓ = 4, 3, 2, 1, 0).
VI. DECONSTRUCTION IDENTITIES IN HIGGSLESS MODELS
This section presents an alternative way of deriving relations among the couplings and boson masses in Higgsless models. We start by deriving completeness relations based explicitly on the orthogonality of the gauge boson diagonalization matrix R and the Nambu-Goldstone boson diagonalization matrixR. Then, we derive a set of Ward-Takahashi identities relating each coupling involving Nambu-Goldstone modes to couplings of gauge modes only.
Several results presented here are specific to linear moose models and their 5D continuum limits because their derivation draws directly upon the form of the mixed gauge/Nambu-Goldstone couplings in Eqs. (17) - (20) . Within this class of models, however, the relations derived in this section form a generalization of the ET sum rules obtained in the previous section because they are not restricted to nn → mm processes and allow all of the coupling indices to vary independently. We will discuss more general applications of this method in Section VII.
A. Completeness Relations
Recall from Section II that the gauge boson and Nambu-Goldstone boson mass matrices are given, respectively, by
where Q may be written for linear moose models as (Eq. (2)),
We likewise recall that the matrix Q is diagonalized by orthogonal matrices R andR,
where the matrix R describes the KK gauge-boson mass-eigenstate "wave-functions" in the deconstructed bulk, whilẽ R describes the KK NG-boson mass-eigenstate "wave-functions". We now use this information to derive some component-level expressions that will be of use in our analysis. From Eq.(147) we seeR
which impliesR
Note that Eq.(149) relates the KK NG-boson wave-functions to the KK gauge-boson wave-functions. It will be used in the derivation of Ward-Takahashi identities later. In a similar manner, from Eq. (5), we see
and thus
Because R is an orthogonal matrix, we may write
which may be understood as a completeness relation for the KK gauge-boson wave-function. A similar relation hold for KK NG-boson wave-function,R,
B. Identities from completeness relations
We are now ready to derive identities among the various 3-point and 4-point couplings discussed in Section II. We first consider the product of three-point gauge-boson couplings:
Using the completeness relation Eq.(152) resolves the sums over i and j ′ on the RHS, yielding
Comparing this with the definition of G 4 in Eq. (13) we obtain an identity,
which is, therefore, a direct consequence of the completeness relation for R. Note that since this derivation makes no use of the explicit form of Q, its result applies generally to models beyond the linear moose. We next discuss the product of three-point couplings involving a mixture of gauge and Nambu-Goldstone modes,
Applying the completeness relation Eq.(153) yields
Furthermore, combining Eq.(151) and the completeness relation Eq.(152) yields,
from which one may derive,
Comparing this term by term with Eq. (158) reveals another identity,
which may be regarded as a consequence of the completeness relation forR. Note also that, thanks to Bose symmetry, the gauge-boson coupling G nmℓk 4
is symmetric under any exchange of its indicies (such as n ↔ m), as is G nmk 3
. We are thus able to re-express the completeness relations for the gauge bosons and Nambu-Goldstone bosons, Eq.(156) and Eq.(161), in various equivalent forms.
C. Ward-Takahashi identities
The Nambu-Goldstone boson wave-function is related with the massive gauge boson wave-function through Eq.(149). This relation is essential for the cancellation of unphysical poles in the physical particle scattering amplitudes; identities derived from Eq.(149) may thus be regarded as Ward-Takahashi identities. In this section, we derive several identities among coupling constants G andG from Eq.(149) in linear moose models. The general method used here may also be applied to more general deconstructed models, and the detailed form of the relations obtained may depend on the form that Eq. (149) takes in those models.
We first consider a possible relation between G 
The minor manipulations involved in reaching the revised form of the deconstruction identities is readily apparent in most cases. However in the case of Eq.(178), several distinct steps are involved. We started from Eq. (173) and multiplied it by M n M m so as to be able to eliminateG 4 using Eq. (180). Next, we used Eq. (177) to eliminateG 3 . Finally, we invoked the gauge-boson completeness relation, Eq.(156), to simplify the result.
D. Comparison with results from the Equivalence Theorem
We now show that the generalized ET sum rules can be understood by using Ward-Takahashi identities Eqs.(176)-(180) and the completeness relation sum rules Eqs.(156)-(161). We will run through the ET sum rules in the order in which they appear in Table I. We start with the pair of ET sum rules, Eqs. (86) and (87), relating the triple and quartic gauge couplings.
, we find these can be derived from the gauge-boson completeness relation for R, Eq.(156).
The next pair of ET sum rules in the table, Eqs. (98) and (123),
are also related to the gauge boson completeness relation for R. If one applies the deconstruction identity forG 3 , Eq.
(177), to each of these sum rules, in order to eliminate the factors ofG 3 , one obtains, respectively,
and
Both of these equations can be verified using the completeness relation for R, Eq.(156), and the Bose symmetry of G 
which has not previously appeared in the literature. Now we can see directly that Eq. (91),
is a special case of this new relation, with ℓ = n and k = m. Similarly, let us eliminate the Nambu-Goldstone coupling G nnmm 4 from Eq. (90),
, by applying the deconstruction identity forG 4 , Eq.(180). The resulting equation,
is also a special case of the Nambu-Goldstone-boson completeness relation, Eq.(183), for ℓ = n and k = m. The next pair ET sum rules listed in the table, Eqs. (97) and (122),
are each satisfied term by term for every KK level i in the sum, due to the deconstruction identity forG 3 , Eq.(177 
can be proven by using the deconstructionidentity forG 42 , Eq.(178).
We have now seen that all of the ET sum rules can be rederived by using the Ward-Takahashi identities and completeness relations.
VII. CONCLUSIONS A. Summary
We have derived a general set of sum rules among the gauge boson couplings, NG-boson couplings and KK gauge boson masses in Higgsless models of electroweak symmetry breaking. As shown in Table I , these sum rules ensure the cancellation of bad high-energy behavior in elastic and inelastic nn → mm scattering processes involving gauge and NG bosons. As summarized in Table II , even more general forms of these relations may be formulated as a combination of completeness relations for the gauge and NG boson KK wavefunctions and Ward-Takashi identities relating NG boson couplings to pure gauge couplings.
Of the many sum rules and identities we have derived, the completeness relations for the gauge bosons and NambuGoldstone bosons, written in terms of the gauge boson couplings [78] as in Eqs.(156) and (183), are particularly important, since they are relevant for the scattering amplitudes of physically polarized gauge-bosons. In fact, Eq. (156) is an inelastic generalization of the first sum rule for elastic scattering
that was discussed in Ref. [1] as ensuring the cancellation of the O(E 4 ) behavior in the elastic W L W L scattering amplitude. We have seen that the generalized form additionally ensures cancellation of
In contrast, the sum rule, Eq.(183), or its parent completeness relation (161), applies only for inelastic scattering because it vanishes when the KK levels of the incoming (n) and outgoing (m) states are the same. This is a new result, not previously discussed in the literature.
Another of particular interest is the Ward-Takahashi identity for the quartic NG-boson couplingG 4 . In order to prevent bad O(E 2 ) high energy behavior in the W L W L scattering amplitudes, this coupling must vanish in the continuum limit. Combining these pieces of information leads to a new sum rule for the four-point and three-point gauge boson couplings:
which can be regarded as an inelastic generalization of the second sum rule for elastic scattering 
discussed in Ref. [1] . So far we have considered the case of an SU (2) N +1 deconstructed Higgsless model, as illustrated in Fig. II . Such a model, however, corresponds to an electroweak sector in the absence of hypercharge -a theory with degenerate W and Z bosons and no photon. A realistic deconstructed model would be based on an SU (2) N +1 × U (1) M gauge symmetry [33] (with M ≥ 1). In such a model, the charged-and neutral-boson mass matrices would be different, with the former being (N +1)×(N +1) dimensional and having no massless modes and the latter (N +M +1)×(N +M +1) dimensional and including the massless photon. Let us label the charged bosons W ± n (n = 0, . . . , N ), as above, and the neutral bosons Z k ′ where k ′ = γ, 0, . . . , N + M − 1. Note that the vertices which contribute to gauge-boson scattering in unitary gauge arise solely from the non-Abelian couplings of the SU (2) N +1 gauge interactions of the theory, and therefore are of the form W
These are precisely of the same form that we considered in our analysis above, with the modification that there are more neutral-bosons than charged-bosons. Consider first the scattering amplitude for W + n W − n → Z k ′ Z k ′ . This amplitude only receives contributions from t-and u-channel W m exchange, and from the four-point W + n W − n Z k ′ Z k ′ coupling. The form of the amplitudes, therefore, is precisely the same as those derived above and the relevant sum rules in Table I continue Table I apply with the sums running over the neutral bosons instead. Similarly, the only non-trivial Nambu-Goldstone boson interactions will arise from the SU (2) N +1 non-lineary sigma-model links of the theory, but the rotation matrix describing which link fields are eaten by which mass-eigenstate fields will differ between the charged-and neutral-boson sectors. Again, in calculating the scattering amplitudes one will arrive at the sum rules summarized in Table I -however, one must be careful to interpret the sums that appear according to whether charged-or neutral-bosons appear as intermediate states. The application of the sum rules to an SU (2) N +1 × U (1) M deconstructed Higgsless theory, therefore, is straightforward. In a future publication [74] , we will discuss an SU (2) 2 × U (1) 2 model and illustrate how these results are realized in a simple case.
B. Generalizations
As mentioned earlier, the sum rules derived in Section IV and listed in Table I are general relations between the multi-boson couplings, viewed simply as coefficients in the effective Lagrangian and without reference to the form of D W . In contrast, many of the results of Section V depend on the form of D W because they draws directly upon the form of the mixed gauge/Nambu-Goldstone couplings in Eqs. (17) - (20) . That is, with the exception of the gaugeboson completeness relation, the identities in Table II are specific to linear moose models and their 5D continuum limits. Here, we briefly mention how the analysis of Section V could be modified to describe more general classes of models.
The simplest generalization of the linear moose involves adding one link between the two boundary groups, closing the moose into a ring. This does not change the form of any of the couplings, but makes the sums over links periodic (e.g. in the Nambu-Goldstone kinetic term and the definitions of the multi-boson couplings involving NambuGoldstone modes). As a result, the form of all of the identities in Table II would be unchanged, but any sums would now be periodic.
More broadly, one could consider models in which one gauge site might be touched by more than two links or in which non-linear sigma models link pairs of gauge sites that are not nearest-neighbors; this would include planar meshes or even non-planar configurations that could be constructed out of "toobers and zots". In these models, the form of the covariant derivative for the link fields must be modified to reflect the broader array of possibilities; as a result, the matrix D W appearing inside the matrix Q will have additional non-zero entries. The Q matrix itself will no longer be square if the number of links exceeds the number of sites, meaning that the rank of M 2 W will exceed that of M 2 W ; in other words, some massless Nambu-Goldstone modes (corresponding to closed loops of links) will remain in addition to those "eaten" by the gauge fields. The modification of the covariant derivative will alter the form of the Nambu-Goldstone couplingsG 3 ,G 31 ,G 41 , andG 42 ; the multi-gauge couplings G 3 and G 4 and the four-NambuGoldstone-mode couplingG 4 will remain unchanged because they are independent of D W . The upshot is that there will still be relationships (Ward-Takahashi identities) between the gauge and Nambu-Goldstone couplings, but the precise forms of the relationships (e.g. the appearance of particular factors of mass or the need to sum over certain indices) will generally be altered.
To make this more concrete, let us introduce a slightly modified notation in which we distinguish between the indices denoting sites (a) and those denoting links (â), and likewise between the indices labeling gauge (α) and Nambu-Goldstone (α) KK modes. Thus, the matrix R a,α carries indices of site and gauge KK mode, while Râ ,α carries indices of link and Nambu-Goldstone KK mode. The mass matrix Mα ,α connects the massive Nambu-Goldstone and gauge KK modes, while Qâ ,a shows which links attach to which sites.
In this notation, one would write the four-point Nambu-Goldstone coupling as 
This is a coupling that does not depend on the form of D W or Q. Likewise, the relationship betweenG
